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The effects commonly related with deformation caused by proportional and non-proportional loading
types were identiﬁed experimentally. In the case of non-proportional cyclic loading along circular strain
path the second order effects such as: phase shift between stress and strain signals was observed. An
analysis of experimental data from tests under non-proportional cyclic loading along square strain path
exhibited a signiﬁcant reduction of stress independently on direction of deformation.
The paper also presents experimental results concerning evaluation of an inﬂuence of cyclic loading on
stress variations during monotonic deformation carried out on the pure copper and X10CrMoVNb9-1
steel. All strain controlled tests were performed at room temperature using thin-walled tubular speci-
mens. The experimental programme contained selected combinations of monotonic and cyclic loadings,
i.e. the torsion-reverse-torsion cycles were superimposed on the monotonic tension. It is shown that such
cycles associated with monotonic tension caused essential variations of tensile stress. For both materials,
a signiﬁcant decrease of the axial stress was visible. The effects observed during monotonic and cyclic
loading combinations were theoretically described using the Mróz and Maciejewski model.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Mechanical behaviour of structural materials under different
kinds of cyclic loading was investigated in many laboratories
(e.g. Lamba and Sidebottom, 1978; Pilo et al., 1979; Krempl and
Lu, 1984; Tanaka et al., 1985; Benallal and Marquis, 1987; Ohashi
et al., 1985; Khan and Wang, 1988; Murakami et al., 1989; Cheng
and Krempl, 1991; Doong and Socie, 1991; Krempl and Cheng,
1993; Calloch and Marquis, 1997a,b; Cailletaud et al., 1991; Die-
trich et al., 2000). Earlier experimental works in this research ﬁeld
were conducted on OFHC copper by the use of thin-walled tubular
specimen (Lamba and Sidebottom, 1978). Their results demon-
strated an additional hardening of the material expressed by much
higher stress level at saturation state during deformation along cir-
cular loading path than that for simple tension–compression cycles
observed (Lamba and Sidebottom, 1978). Also, this phenomenon
was well reﬂected for the 316 stainless steel (Tanaka et al.,
1985). In this case 200 MPa difference between the effective stress
during deformation along proportional (tension–compression cy-
cles) and non-proportional (circular) strain paths was obtained
Fig. 1. Similar behaviour for the steel was observed during se-
quence of proportional and non-proportional deformation paths,
Fig. 2. In the case of cyclic circular deformation 100 MPa increaseof the effective stress was obtained, although the saturation state
was achieved for an earlier cycles applied along the proportional
loading path.
Later results, achieved for a range of materials tested under
non-proportional cyclic loading, also demonstrated an additional
hardening in comparison to the hardening observed under propor-
tional loading path (e.g. Murakami et al., 1989a,b; Calloch and
Marquis, 1997a). It is usually assumed that such effect is due to a
higher number of slip systems activated by the non-proportional
loading (Doong and Socie, 1991; Cailletaud et al., 1991).
Murakami et al. (1989a,b) conducted tests investigating the
cyclic stress–strain relations of the 316 stainless steel subjected
to tension–compression cycles and circular strain path under
strain control at 873 K, Fig. 3. Besides of additional hardening ob-
served during a circular deformation, the results show that the in-
crease of the stress amplitude develops rapidly at the early stage of
inelastic strain accumulation and then it tends asymptotically to a
constant level (saturated stress state).
An inﬂuence of various type of loading paths, i.e. proportional
and non-proportional on the 316 steel behaviour was examined
by Calloch and Marquis (1997b). They analysed maximum equiva-
lent stress at steady state for: tension–compression, hourglass, cru-
ciform, square and circular paths. The largest value of the stress
equal to 570 MPa was obtained during deformation along circular
path, but the smallest one of 350 MPa was achieved for tension–
compression. Other results (Colak, 2004) exhibited the higher
Fig. 1. Variations of effective stress for the 316 stainless steel during proportional
and non-proportional loading (Tanaka et al., 1985).
Fig. 2. An inﬂuence of loading path on the effective stress variations for the 316
stainless steel during sequence of proportional and non-proportional loading paths
(Tanaka et al., 1985).
Fig. 3. Experimental data for the 316 stainless steel: cyclic stress–strain relations at
873 K under tension–compression cycles and circular cycles under total strain
amplitude equal to 0.4% (Murakami et al., 1989a,b).
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a circle.
Some previous papers emphasised that the material behaviour
is dependent on parameters of non-proportional loading paths
(Benallal and Marquis, 1987; Xia and Ellyin, 1997). Besides of the
amplitude, a retardation angle between strain signals can affect a
material stress response. The results obtained for the 316 stainless
steel exhibited 2.5 times increase of the maximum axial stresswhen the retardation angle was equal to 90 in comparison to that
obtained for 33 (Benallal and Marquis, 1987). Experiments on the
304 stainless steel showed a slight decrease of the maximum
equivalent stress from 270 to 230 MPa with a decrease of the retar-
dation angle within the range of 90  0 (Xia and Ellyin, 1997).
Taking into account experimental results mentioned above, it is
reasonable to conclude that the cyclic loading of metals along non-
proportional paths may have more signiﬁcant inﬂuence on mate-
rial properties than that usually observed for proportional ones.
From previous experimental works it is also known that for cer-
tain class of materials the softening effect can be observed under
non-proportional cyclic loadings (Lamba and Sidebottom, 1978;
Dietrich et al., 2000; Shamsei et al., 2010). Such difference between
material behaviour under cyclic loading leads to the essential dif-
ﬁculties in the constitutive modelling. Therefore, for the rational
formulation of multiaxial cyclic constitutive equation, it is neces-
sary to study a series of representative non-proportional cyclic
tests, and to identify the property of the multiaxial cyclic harden-
ing/or softening mechanisms. In this paper the representative re-
sults will be given.
Among many topics taking place in analysis of cyclic loading ef-
fects of engineering materials one can distinguish experimental
evaluation of an inﬂuence of different forms of shear deformation
of engineering materials on their mechanical parameters variation
during parallel or subsequent loading processes (Bochniak and
Korbel, 1999, 2000, 2003; Kong and Hodgson, 2000; Correa et al.,
2003; Gronostajski and Jas´kiewicz, 2004; Korbel and Bochniak,
2004; Bochniak et al., 2006; Niewielski et al., 2006; Kowalewski
and Szymczak, 2007, 2008, 2009a,b). The results achieved from
such investigations are important from technological point of view
because they are providing a knowledge necessary for modiﬁcation
of some metal forming processes, such as drawing, extrusion or
forging (Bochniak and Korbel, 1999, 2000, 2003; Kong and
Hodgson, 2000; Korbel and Bochniak, 2004; Bochniak et al., 2006).
For example in the case of forging the loading was programmed
in such a way, that the torsion cycles were activated during the
stamp movement (Bochniak et al., 2006), Fig. 4a. A magnitude of
the cyclic loading amplitude was dependent on the forging force.
It was gradually increased as the forging force achieved bigger val-
ues. This type of loading enabled to reduce the axial force more
than four times. Similar effect was achieved during extrusion, how-
ever, it was much weaker (Kong and Hodgson, 2000), Fig. 4b. Since
the differences in reduction of forces in technological processes
and their microscopic reasons are not fully recognised up to now,
further experimental and theoretical analyses are necessary.
The analytical solution for tensile, or compressive deformation
of cylinders or tubes of a perfectly plastic material with assistance
of cyclic torsional strain was provided by Mróz et al. (2006), where
the steady state stress paths and axial load reductions were dis-
cussed in detail. The well known technology of severe plastic
deformation (SPD) to generate nano-size grain structure by cyclic
non-proportional loading (such ECAP- equal channel angular
pressing) certainly belongs to this class of problems, that is cyclic
plasticity for kinematically induced large localised plastic strain-
ing, varying cyclically within the material element. The analysis
of axisymmetric extrusion assisted by cyclic torsion was presented
by Maciejewski and Mróz (2008). The subject is important not only
from technological point of view, but also is essential for research-
ers developing new numerical codes and constitutive equations
(Bochniak et al., 2006).
The paper presents an identiﬁcation of effects due to complex
loading being combination of cyclic and monotonic loading, and
moreover, gives an attempt to model the phenomena observed.
The results of such type experiments were mainly achieved for
large deformations. In order to ﬁll a gap in data for small deforma-
tions in this paper only such results will be reported.
Fig. 4. Scheme of modiﬁed technological processes: (a) forging (Bochniak et al., 2006); (b) extrusion (Kong and Hodgson, 2000), F – forging force, M – twisting moment.
742 Z.L. Kowalewski et al. / International Journal of Solids and Structures 51 (2014) 740–7532. Details of experimental procedure
Three different commercial materials were investigated, i.e. the
2024 aluminium alloys, X10CrMoVNb9-1 steel and Cu 99.9 E cop-
per. All experiments were conducted in the plane stress state pro-
duced within thin wall of the tubular specimen (Fig. 5) by the
application of an axial force and torque using the hydraulic ser-
vo-controlled testing machine. Axial, shear and hoop strains were
measured using the strain gauges bonded to the outer surface of
the specimen and located near the terminal with strain gauges
wired to form three temperature compensated bridge circuits cor-
responding to the appropriate strain components.
The experimental programme comprised two essential parts:
(a) uniaxial tension–compression cycles (Fig. 6a), combined
tension–torsion cycles along the circular (Fig. 6b) or square
paths (Fig. 6c),
(b) combination of monotonic tension and torsion-reverse-tor-
sion cycles (Fig. 7).Fig. 5. Thin-walled tubular specimen for testing of materials under biaxial stress
state.
Fig. 6. Cyclic total-strain controlled paths: (a) tension–coNon-proportional cyclic loadings were total strain-controlled
and variations of axial and shear strain components were pro-
grammed to form circle or square in the (e; c
ﬃﬃﬃ
3
p
=2ð1þ mÞ) plane,
Fig. 6b and c. During cycles of loading the strain components were
recorded in a digital form together with an axial force and torque.
On the basis of such data and specimen dimensions, the axial and
shear stresses were calculated to observe a response of the mate-
rial to the programme of deformation. Proportional cycles were
carried out along symmetric tension–compression loading path,
Fig. 6a.
In the second part of the experimental procedure the tests un-
der combination of monotonic tension and cyclic torsion were car-
ried out for cyclic strain amplitudes equal to ±0.3%, ±0.5% and
±0.7%, and frequency of 0.5 Hz, Fig. 7. For all experiments, varia-
tions of axial and shear stresses were registered vs. time, Fig. 8.mpression cycle, (b) circular cycle, (c) square cycle.
Fig. 7. Strain controlled loading programme.
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due to complex loading history induced was performed using the
concept of yield surface determined in the two-dimensional stress
space (r; s). All yield surfaces were determined using the single
specimen method (Kowalewski and S´liwowski, 1997; Kowalewski,
1997; Dietrich and Kowalewski, 1997) for the offset strain equal to
0.005%.
2.1. Notations of the equivalent stress and equivalent strain
Stress and strain states are characterised by the Huber–Mises
effective stress, and the Huber–Mises effective total strain. Thus,
the biaxial stress and strain states realised on a thin-walled
tubular specimen can be described using the following
expressions:
req ¼ r2xx þ 3s2xy
 1=2
; ð1Þ
eeq ¼ e2xx þ
3
ð1þ mÞ2 e
2
xy
 !1=2
ð2Þ
where rxx, sxy are, respectively, axial and shear stresses, while exx,
exy = 2(1 + v)/E rxy are total axial and total shear strains.
If Poisson’s ratio is equal to 0.5 then the Eq. (2) takes the follow-
ing form
eeq ¼ e2xx þ
4
3
e2xy
 1=2
: ð2aÞ
Stress and strain amplitudes are deﬁned as follows:
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whereDrxx and Dsxy are, respectively, axial and shear stress ranges,
while Dexx and Dexy are axial and shear strain ranges.
In order to obtain circular strain path, the components of strain
were deﬁned by the following expressions
exx ¼ Deeq2 sinðxtÞ; exy ¼
ð1þ mÞﬃﬃﬃ
3
p Deeq
2
sinðxt þ p=2Þ: ð5ÞFig. 8. Stress responses into the loading programme presented in Fig. 7.3. The results of tests under proportional and non-proportional
cycles and their discussion
3.1. Selected effects observed during cyclic loading
Fig. 9 shows in the stress plane the material responses into the
strain controlled non-proportional cyclic loadings along circular
path, schematically presented in Fig. 6b, for the 2024 aluminium
alloy tested under the total strain amplitude ea equal to ±0.6%.
The Poisson ratio for the alloy was assumed to be 0.33 for elastic
and plastic strain ranges considered. Under these conditions the
material exhibited the hardening effect expressed by an increase
of the stress amplitude. A gradual stabilisation of the maximum
values of stress state components at subsequent cycles can be ob-
served, Fig. 10. For smaller magnitudes of strain amplitudes taken
into account (±0.2% and ±0.4%) the material does not exhibit, prac-
tically, neither a hardening nor softening effects. Such a situation
comes from the fact that the just indicated strain amplitudes con-
sidered in the programme correspond to the elastic stress range.
A graphical presentation of the registered signals of strain and
stress components as a function of time reveals remarkable phase
shift between corresponding components of strain and stress. Typ-
ical example of this phenomenon is shown in Fig. 11 for axial and
shear components obtained during investigation of the 2024 alu-
minium alloy. A difference between a time corresponding to the
strain peak and that to the stress peak in a cycle deﬁnes so called
retardation time. This fact has not been sufﬁciently exposed in pre-
vious publications, and it seems that it may be responsible for an
additional hardening/softening effect in metals undergoing to
non-proportional loading in comparison to the material behaviour
usually observed for proportional one.
It has to be emphasised that the phase shift between stress and
strain components was not observed for the 2024 aluminium alloy
tested under the proportional cycles. An example is presented in
Fig. 12 for proportional cycles along strain path related to the con-
dition e = c/2. Triangular signal of strain was used to control the
test. The phase shift was also not observed during tests carried
out under non-proportional cyclic loading the level of which was
within the range of the elastic stresses, Fig. 13. On the basis of
experimental data one can conclude that the phase shift phenom-
ena depends on the type of loading and its magnitude, and there-
fore, it could be observed for non-proportional loading causing
stresses higher than the yield point. From microscopical point of
view, this means that it may be associated with mechanisms of vis-
co-plastic deformations. Further tests are required to recognise in
detail such behaviour.Fig. 9. Stress response to the total strain controlled non-proportional cycles along
circular path with strain amplitude equal to ±0.6% for the 2024 aluminium alloy.
Fig. 10. Maximum peaks of axial and shear stresses during circular cycles of the 2024 aluminium alloy; tests carried out under frequency of 0.025 Hz.
Fig. 11. The results for the 2024 aluminium alloy tested under cyclic loading along the circular loading path at the cyclic strain amplitude equal to ±0.8%: (a) variations of
stress and strain signal components vs. time; (b) retardation time as a function of cycle number, numbers 1 and 2 denote the results for axial and shear components,
respectively.
Fig. 12. Variations of the stress and strain components during proportional cyclic loading of the 2024 aluminium alloy for two values of cyclic strain amplitude: ±0.2%, ±0.4%
(strain-controlled signal in the form of triangle).
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strain and stress in a single cycle during the proportional loading
is presumably caused by a lack of the principal stresses rotation.
Thus, it seems reasonable to relate its existence under circular
loading cycles, covering plastic range of deformation, with the
rotation of principal stresses directions, typical for this kind of
loading.The experimental programme realised for a range of strain
amplitudes allowed clear observation of an effect of the strain-rate
on material behaviour. To evaluate it, the stress–strain loops for
both axial and shear components were analysed carefully together
with time variations of appropriate stress and strain components.
As a consequence, the retardation time between strain and stress
for both components was determined, as it was illustrated in
Fig. 13. Variations of the stress and strain components during circular loading path
under elastic stress level for the 2024 aluminium alloy.
Fig. 14. Variations of the retardation angle for the 2024 aluminium alloy tested
under cyclic loading at four values of effective strain amplitude within a range from
±0.2% to ±0.8%. (Solid line denotes retardation angle variations for axial component,
broken line – for shear component).
Fig. 15. Stress response to the total strain controlled non-proportional path in the
form of square for the strain amplitude of ±0.6%, results for the 2024 aluminium
alloy.
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ing cycle, the retardation angle was calculated for all amplitudes
applied. A procedure for determination of a value of retardation an-
gle was quite simple. In order to obtain such value in a single cycle
it is sufﬁcient to consider functions of the strain and stress signals,
which are deﬁned in the following form
r ¼ ra sinðxtÞ;
e ¼ ea sinðx½t  t0Þ;
ð6Þ
where x represents angular rate, ra and ea are the maximum stress
and maximum strain amplitudes, respectively, t denotes current
time, and t0 is a retardation time between stress and strain peaks
obtained from experimental data.
If xt = p/2, then the expressions deﬁned in Eq. (6) take the fol-
lowing form
r ¼ ra;
e ¼ ea sin p2 xt0
  ¼ ea cosðxt0Þ; ð7Þ
Simple transformation of Eq. (7) leads to the expressions
r
ra ¼ 1;
e
ea ¼ cosðxt0Þ ¼ cosðdÞ;
ð8Þ
which allow to calculate a retardation angle between stress and
strain in the freely chosen single cycle. Variations of this parameter
are presented in Fig. 14. It is easy to note that the retardation angle
depends strongly on the magnitude of the strain amplitude. It
grows with an increase of the strain amplitude. Moreover, it can
be seen that if the total strain amplitude has a magnitude which
corresponds to the elastic range, then the retardation angle is small,
i.e. equal to 2. For the higher cyclic strain amplitude the retarda-
tion angle decreased rapidly and achieved 24 and 20 for axial
and shear components, respectively, at the highest strain amplitude
applied. Therefore, in order to elaborate rational constitutive rela-
tionships such effects should be taken into account by researchers
modelling behaviour of metallic materials working under non-pro-
portional loading.
In the next step of experimental programme non-proportional
cycles along square strain path were carried out. The main purpose
of the programme was to identify second-order effects (Figs. 15
and 16) associated to the non-proportional cyclic loading along
this shape of strain path. All strain controlled tests were conducted
on the 2024 aluminium alloy under the biaxial stress state being
combination of an axial force and twisting moment, both varying
cyclically. The control signals were designed to form a square in
the strain plane. It was achieved by the combination of two trape-
zoidal loading signals mutually delayed (when the ﬁrst signal at-tained the maximum, then the second one started to increase
linearly while the ﬁrst one kept the constant value; when the sec-
ond signal attained the maximum, the ﬁrst one started to decrease
up to the minimum while the second one kept the constant value,
and so one).
An interesting feature can be easily noticed looking at the
courses of stress and strain signals, Fig. 16. A signiﬁcant reduction
of stress components magnitude takes place. It is visible when the
one of the control loading signals (shear strain for example)
changes a direction (i.e. turns back). The second-order effects men-
tioned above are especially considerable when the amount of
strain amplitude increases. For example, in the case of the cyclic
strain amplitude equal to ±0.4% a reduction of the axial stress
was equal around 70 MPa (Fig. 16a), whereas for ±0.6% it achieved
a level of 225 MPa, Fig. 16b. It is easy to conclude that the level of
axial stress drop decreases with number of cycles. It has the linear
character of variation with an increase of cycle number indepen-
dently on the cyclic strain amplitude, Fig. 17.4. An inﬂuence of torsion-reverse-torsion cycles on uni-axial
tension of the X10CrMoVNb9-1 steel and Cu 99.9 E copper
The rapid stress lowering observed during cyclic loading along
square strain path (Figs. 16 and 17) were further investigated using
(a) Effective strain amplitude±0.4% (b) Effective strain amplitude±0.6% 
Fig. 16. Variations of the strain and stress signals due to cyclic loading along the square strain path.
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cles were superimposed on monotonic tension (Fig. 7). The main
aim of these tests was to investigate whether the presence of tor-
sion cycles can inﬂuence an axial stress.Fig. 17. Axial stress drop vs. cycle number for two levels of effective strain
amplitude; ±0.4% and ±0.6%.
Fig. 18. Comparison of typical tensile characteristic (0) with stress–strain curves obtaine
amplitude equal to: ±0.3% (1), ±0.5% (2), ±0.7% (3): (a) X10CrMoVNb9-1 steel; (b) Cu 994.1. Stress–strain characteristics
The loading programme, already illustrated in Fig. 7, contained
variations of the axial and shear strain components vs. time. Stress
responses into the strain controlled programme were registered
during each experiment, Fig. 8. Variations of the axial stress ex-
press the material hardening in the tensile direction, while those
for the shear stress observed identify a lack of any signiﬁcant ef-
fects for both materials in question.
At ﬁrst, an inﬂuence of the cyclic strain amplitude on the basic
mechanical parameters under tension of the X10CrMoVNb9-1 steel
(Fig. 18a) and Cu 99.9 E copper (Fig. 18b) was investigated. As it is
shown in Fig. 18, the torsion-reverse-torsion cycles associated with
monotonic tension caused variations of the tensile characteristics.
For both materials, a signiﬁcant decrease of the axial stress can be
observed. An increase of the cyclic shear strain amplitude led to the
further decrease of the tensile stress. It is expressed for example by
an axial stress drop corresponding to the axial plastic strain equal
to 0.2%, from 475 to 125 MPa and from 240 to 25 MPa in the case of
steel and copper, respectively. The effect is much stronger for the
copper, since such reduction (more than 8 times) is signiﬁcantly
greater than that for the steel achieved (more than 3 times).
Taking into account a percentage decrease of the axial stress
drop corresponding to the axial plastic strain equal to 0.2% in com-d during monotonic tension assisted by the torsion-reverse-torsion cycles for strain
.9 E copper.
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easy to observe 90% drop of the stress in the case of copper, and
70% for the steel.Fig. 20. Comparison of hysteresis loops under tension–compression of the steel and
copper for strain amplitude equal to ±0.8%.4.2. Experimental check of permanency of the axial stress reduction
observed during monotonic–cyclic loading
This part of experimental programme comprised tests the main
aim of which was to check whether the axial stress reduction dur-
ing tension assisted by cyclic torsion (Fig. 19) had the permanent
character. The yield surface concept was applied. It was conducted
after examination of the copper and the steel under monotonic
tension and torsion-reverse-torsion cycles. For each yield surface
determined in the experimental programme the same offset strain
equal to 0.005% was assumed.
The representative results for the X10CrMoVNb9-1 steel and Cu
99.9 E copper are presented in Fig. 19a and b, respectively. As it is
clearly seen, the subsequent yield surfaces for both materials
proved that the axial force reduction is only related to torsion cy-
cles during monotonic tension. Looking at the magnitudes of ten-
sion stress instead of reduction an increase can be observed
(little for the X10CrMoVNb9-1 steel, but signiﬁcant for the Cu
99.9 E copper). Therefore, it can be concluded that the comparison
of the subsequent yield loci with the initial yield surface exhibits
only an inﬂuence of the loading history applied, and moreover,
proves a transient character of the axial stress drop, which can
be solely attributed to cycles acting simultaneously.4.3. Analysis of total strain energy dissipated during tension assisted
by cyclic torsion
Differences of mechanical behaviour between both materials
are well reﬂected in Fig. 20, where their hysteresis loops are com-
pared for the same cyclic strain amplitude equal to ±0.8%. The re-
sults for the pure copper exhibit a signiﬁcant cyclic softening
effect, but in the case of steel a little cyclic hardening takes place.
The subsequent hysteresis loops allowed to assess a variation of
the plastic strain energy dissipation.
Energy balance calculations were performed to compare total
strain energy dissipated during typical monotonic test and that
of a monotonic-cyclic loading combination, Fig. 21a. In the case
of X10CrMoVNb9-1 steel and Cu 99.9 E copper variations of the to-
tal strain energy calculated on the basis of tensile curves deter-
mined without or with torsion cycles exhibits a non-linear
character. It decreases with an increase of the magnitude of cyclic
strain amplitude.
Total strain energy was also evaluated for the ﬁrst cycle of tor-
sion-reverse-torsion for each strain amplitude considered in the
programme, Fig. 21b. Calculations were performed on the basis
of the hysteresis loop at ﬁrst cycle. As it is shown in this ﬁgure,
the total strain energy increases with increasing of the magnitudeFig. 19. Evolution of an initial yield surface (0) due to torsion cycles during monotonic
surfaces determined after monotonic tension assisted by torsion cycles for strain amplitof cyclic strain amplitude for both materials tested. The higher le-
vel was achieved for the steel.
Certain important remarks can be formulated after analysis
of the total strain energy calculated for tensile curve and hys-
teresis lops at 30-th cycles, Fig. 21c. In the case of greater
cyclic strain amplitudes the total strain energy increases
achieving 200 and 160 MJ/m3 for the steel and copper, respec-
tively, and therefore, these cases are not so beneﬁcial with re-
spect to energy demand necessary to perform deformation of
a material.
Despite of the total strain energy increasing with an increase of
the cyclic strain amplitude we have to remember that superimpos-
ing cyclic torsion on monotonic tension reduces the axial stress
signiﬁcantly. In many industrial applications this reduction would
extend the lifetimes of some engineering components. This is espe-
cially important when considering the manufacturing costs of
these elements which are extremely high.
In order to gain a more thorough knowledge of the effects re-
lated to various combinations of monotonic and cyclic loading
the microscopic observations are necessary. They should be carry-
ing out ‘‘on line’’ with the loading process, what is difﬁcult and re-
quires adequate equipment. Our laboratory do not have such
opportunities at the moment.
The stress reduction observed during tests can be treated as an
important factor for modiﬁcation of any manufacturing processes
that are a combination of monotonic and cyclic loading. The ap-
plied loading combinations considered in this paper give a promis-
ing tool for reduction of an acting axial force, and therefore, ensure
more beneﬁcial working conditions which may lead to the lifetime
extension of some working elements of machines used to fabricate
many products in the form of rods, tubes, etc.tension of: (a) X10CrMoVNb9-1 steel, (b) Cu 99.9 E copper. Numbers 1–3 denote
udes equal to ±0.3%, ±0.5%, ±0.7%, respectively.
Fig. 21. Variations of total strain energy as a function of cyclic strain amplitude for: stress–strain curve (a), hysteresis loop at ﬁrst cycle (b), tensile curve and hysteresis loops
at 30-th cycle (c).
Fig. 22. Concept of the three-surface model of Mróz–Maciejewski.
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non-proportional loading paths
The results of tests containing combination of monotonic and
cyclic loading can be described using Maciejewski and Mróz
(2007) model.
In order to demonstrate opportunities of this model, the exper-
imental data for the 2024 aluminium alloy and X10CrMoVNb9-1
steel will be used. To discuss the process for parameters in the
combined tension and cyclic torsion, a thin walled tube of initial
radius r0, length l0 and wall thickness t0 was considered. The alter-
nating torsion was applied in order to reduce the axial stress and
the axial force used, required to execute the process. To obtain uni-
form length variation, the axial strain and strain rate was j _exj ¼ _at,
j _exj ¼ _a, where j _aj ¼ j_lj=l0. For the logarithmic strain measure there
is ex ¼ lnð1 l0 _atÞ and j _exj ¼ j_lj=l ¼ _al=ð1 _atÞ. The shear strain is
assumed to oscillate within the range 2cm and the period T. For
piecewise linear oscillation, we have _b ¼ _cxy ¼ 4cm=T. Marking
the ratio of rates of shear and axial strains by g gives
g ¼
_b
_a
¼ const; _b ¼ 4cm
T
; _b > 0; _a > 0: ð9Þ
For the piecewise linear shear strain control (Fig. 7) there are
two essential parameters controlling the process, namely the strain
rate ratio g and the torsion amplitude 2cm.
Maciejewski and Mróz (2008) studied the cyclic deformation
process for different values of g and cm after initial model calibra-
tion and veriﬁcation for uniaxial cyclic loading. The cyclic harden-
ing model base on the classical Huber–Mises yield function, the
kinematic hardening rule proposed by Armstrong and Frederick
(1966). We assume the small strain framework. This is justiﬁed
by the domain of application to cyclic loading conditions. We as-
sume the partition of total strain tensor into an elastic strain and
a plastic strain, where elasticity is described by linear Hooke’s
Law. The yield condition and the plastic ﬂow rule are
fp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2 ðS  XÞ  ðS  XÞ
q
 rpðnÞ ¼ 0;
_ep ¼ _k @fp
@r ¼ _k
3
2ðSXÞ
rp ;
_kP 0; f p 6 0; _kfp ¼ 0;
ð10Þ
where _k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
_ep  _ep
q
, S is the stress deviator, S ¼ r 13 trr1, X is the
back stress tensor and rp is the yield stress. Here dot between two
vectors or tensors denotes their scalar product and dot over a sym-
bol denotes the rate with respect to a process evolution parameter.
The back stress evolution rule can be written in the form
_X ¼ _kcðSl  SÞ ¼ _kcðX l  XÞ ¼ _kcqD: ð11Þwhere c is material parameter and Sl and Xl are the saturation states
associated with the instantaneous plastic strain rate orientation.
Considering a deformation process with constant orientation of
the plastic strain rate vector, the stress S tends to its limiting value
Sl (on the hardening surfaces Fh = 0) coaxial with the plastic strain
trajectory for speciﬁed _ep of constant orientation, Fig 22. Consider
now a more general model for which the hardening surface is al-
lowed to translate and expand. We assume the hardening surface
equation in the form
Fh ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
ðSl  YÞ  ðSl  YÞ
r
 rlðnÞ ¼ 0; ð12Þ
and its translation rule in similar form to (11) as follows
_Y ¼ _kc1ðY l  YÞ for r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2X  X
q
> Rl;
_Y ¼ _kc1ðX  YÞ for r 6 Rl;
ð13Þ
where Y is the second level back stress, c1 is the material parameter,
and Yl is the limit convergence point. Assume that Yl lies on the lim-
it surface whose equation can be written in the form
Fy ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
Y l  Y l
r
 RlðnÞ ¼ R Rl ¼ 0; ð14Þ
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hardening and yield surfaces expand, but the ratio of their diame-
ters is constant, thus
kl ¼ rlRl ¼ const; kp ¼
rl
rp
¼ const: ð15Þ
The isotropic expansion of surfaces Fh = 0, fp = 0, Fy = 0, depen-
dent on the amplitude of cyclic stress. Assuming that there is no
isotropic hardening effect for l 6 l0, Fig. 23, we can write
_n ¼
_k ll01l0
 j
¼ Lj; l > l0
0; l 6 l0
8<
:
l ¼ 1 jDj2ðrlrpÞ ; D ¼ jABj ¼ jSl  Sj:
ð16ÞFig. 23. Translation of the yield surface along the path AB; (a) initial p
Fig. 24. Numerical prediction of the tension and torsion usinThe weighting parameter l depends on the distance of the stress
point to the hardening surface. When the yield surface approaches
the hardening surface, then l? 1, but for the other cases there is
0 6 l 6 1. Thus the deformation paths more distant from the hard-
ening surface induce lower hardening than the paths approaching
the surface Fh = 0. Similarly, the cycles of lower stress or strain
amplitudes correspond to lower hardening rates than the cycles
of higher amplitudes.
Similar notion for the evolution of isotropic hardening was
introduced ﬁrst by Chaboche et al. (1979) in order to incorporate
the strain range dependence of cyclic hardening in constitutive
modelling of isotropic hardening. Then, Ohno (1982) proposed
the cyclic non-hardening region in the plastic strain space and as-
sumed that when plastic strain changes inside the region under
cyclic loading, no evolution of isotropic hardening occurs, leadingosition: l = 0, |AB| = 2(rl  rp); (b) ultimate position: l = 1, |AB| = 0.
g the three-surface model of the 2024 aluminium alloy.
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cept has been used and developed in other works (e.g. Ohno and
Kachi, 1986; Ohno et al., 1989; Chaboche, 1986, 1989; Kang
et al., 2002; Zhang et al., 2002. Instead of the plastic strain space
Yoshida and Uemori (2002) speciﬁed the cyclic non-hardening re-
gion in the deviatoric stress space for formulating a large-strain
cyclic plasticity model. The extensive review of plastic and visco-
plastic hardening models applicable for simulation of cyclic defor-
mation was presented by Chaboche (2008) or Kang (2008).Fig. 25. Comparison of the model prediction with experimental data for the strain contro
for the 2024 aluminium alloy; (a) variation of the axial stress vs. axial strain, (b) variatiThe isotropic hardening rule is assumed in a form
rl ¼ rl0 þ rlf  rl0
 
1 ewn ; ð17Þ
where rl0 is the initial radius of the hardening surface and rlf is the
asymptotic value, w is the constant hardening parameter.
The back stress Y evolution rule is obtained by assuming that Y
tends to the radial state Yl on the limit surface Fy, The limit state Yl
is speciﬁed by the vector X  Y0, where Y0 = f Y, 0 6 f 6 1, so we
havelled non-proportional cycles along square path with strain amplitude equal to ±0.6%
on of the shear stress vs. shear strain, (c) stress response.
Fig. 26. Comparison of numerical and experimental data obtained during deformation of the 2024 aluminium alloy along the circular loading path at the cyclic strain
amplitude equal to ±0.8%; (a) variations of stress and strain signal components vs. time, (b) retardation time as a function of cycle number for the axial component.
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Here tl is the unit vector along X  Y0 and the scalar factor q.
The fraction factor f is identiﬁed from the multiaxial ratcheting
tests, for instance from combined monotonic tension – cyclic tor-
sion tests. It turns out that the position of the limit state Yl is very
essential in accurate prediction of the ratcheting strain. When the
back stress X is represented by the point inside the limit surface
Fy = 0, then according to (13) we set Yl = X. The translation rule of
the ﬁrst level back stress X is now modiﬁed and instead of (11),
we can assume that
_X ¼ _kcðXl  XÞ þ _Y ð19Þ
where _Y is now the convective rate.
The model concept was applied to simulate experimental data
for the strain controlled non-proportional cycles along square path
with strain amplitude equal to 0.6% for the 2024 aluminium alloy
and the steel and for the circular loading path at the cyclic strain
amplitude equal to ±0.8%.
The commercial 2024 aluminium alloy used in aircraft industry
exhibits initially the texture anisotropy affecting both elastic stiff-
ness moduli and yield condition. The initial yield condition for the
case tension and torsion is assumed in the form accounting for in-
plane anisotropy, thus
fp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2xx þ bs2xy
q
 rp ¼ 0; ð20Þ
where the parameter b = 6.8 instead of b = 3 for the Huber–Mises
condition. The elasticity moduli are E = 77 GPa, G = 27 GPa,
m = 0.32. The model parameters were calibrated basing on the cyclic
tension and torsion test, Fig. 24. The model parameters for three-
surface models are:, hardening surface radius is rl0 = 480 MPa,
rlf = 540 MPa, l0 = 0.1, j = 1, w = 10, kp = 1.25, kl = 2,87, and transla-
tion rule parameters c = 700, cl = 45, f = 1.
Variations of stress hysteresis loops for the strain controlled
non-proportional cycles along square path with strain amplitude
equal to 0.6% are presented in Fig. 25a–c. In those cases a good
agreement between numerical predictions and experimental data
was obtained. As it is clearly seen the model enables to reproduce
faithfully important effects related with a square loading path i.e. a
rapid stress drop, Fig. 25a and b and distortion of stress response,
Fig. 25c.
Fig. 26a and b present comparison numerical and experimental
data observed during deformation of the 2024 aluminium alloy
along the circular loading path at the cyclic strain amplitude equalto ±0.8%. Both variations of stress and strain signal components vs.
time and retardation time as a function of number of cycle for the
axial directions are accurate and numerical predictions adequately
follow the experimental curves.
In the case of the X10CrMoVNb9-1 steel the model was used
to simulate cyclic response on the basis of tests conducted by
Kowalewski and Szymczak (2009b). The material parameters
have been calibrated using data from cyclic pure tension and tor-
sion tests, Fig. 27. The model parameters for three-surface models
are: E = 200 GPa, m = 0.30, hardening surface radius  rl0 = 520 -
MPa, rlf = 540 MPa, l0 = 0.5, j = 1, w = 1, kp = 1.81, kl = 4.0, and
translation rule parameters c = 550, cl = 55, f = 1.
The results of uniaxial tests in simple cyclic tension–compres-
sion and pure torsion are presented in Fig. 27 and experimental
data for axial tension combined with cyclic torsion are shown
in Fig. 28. The experimental results in Fig. 28a are compared with
predictions obtained using the three-surface model for cm = 0.6%,
g = 72 and cm = 1.4%, g = 168. It can be observed that the model
prediction is close to experimental response curves for all consid-
ered values of g. As it was proven in Fig. 28b an acceptable agree-
ment between experimental data from test having delayed
torsion cycles with respect to tension and numerical results was
also achieved. Therefore, the three-surface model provides realis-
tic predictions and can be applied to simulate cyclic response of
the X10CrMoVNb9-1 steel.
6. Conclusions
Multiaxial cyclic behaviour of selected metallic materials was
elucidated experimentally. For this purpose, the cyclic tests were
carried out under uniaxial tension–compression and non-propor-
tional loading along circular or square strain paths. The main con-
clusions steaming form this part of research can be summarised as
follows:‘
 the effect of additional hardening was observed for the 2024
aluminium alloy subjected to non-proportional loading along
circular strain path,
 the results recorded during the non-proportional cyclic loading
along circular strain path exhibited signiﬁcant effect of a phase
shift of maximum strain with respect to the corresponding
maximum stress, which was not observed during proportional
loading. A magnitude of this shift depends on the material,
and for the selected material on the strain amplitude and fre-
quency of cyclic loading,
Fig. 27. Comparison of hysteresis loops of the X10CrMoVNb9-1 steel obtained from experiment and numerical prediction using the three-surface model; (a) cyclic tension–
compression test; (b) cyclic torsion.
Fig. 28. Comparison of the three-surface model prediction with experimental data for axial extension with cyclic torsion performed at the beginning of the test (a) and
delayed with respect to tension (b) of the X10CrMoVNb9-1 steel for various process parameters.
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a signiﬁcant drop of stress components was identiﬁed. It was
observed during each turn back of cyclic loading components.
The experimental programme carried out on the
X10CrMoVNb9-1 steel and Cu 99.9 E copper had to provide a
knowledge necessary for better understanding of phenomena tak-
ing place during combination of monotonic and cyclic loading in
the range of small deformations. The results enabled to formulate
the following remarks and conclusions:
 torsion-reverse-torsion cycles conducted during monotonic
tension caused a signiﬁcant decrease of tensile stress. The stress
reduction become greater with increase of shear strain
amplitude,
 reduction of axial stress was not permanent, it vanished after
cyclic loading interruption; this conclusion can be veriﬁed
experimentally by analysis of the initial yield surface evolution;
such analysis carried out in this research conﬁrmed that the
rapid reduction of axial stress during tension assisted by cyclic
torsion can be attributed to the period of the cyclic loading
being in action, it shows therefore, only an inﬂuence of the load-
ing history resulted from prior deformation due to the pro-
gramme executed.The experimental observations were modelled using the three
surface model proposed by Mróz and Maciejewski. Reasonable
good predictions of: hysteresis loops and stress response for the
square and circular loading paths and tensile curves in assistance
of torsion cycles were obtained.References
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